INTRODUCTION
K-edge subtraction was one of the first methods to use x-ray spectral information to improve the visibility of contrast agents injected into the body 2, 3, 4 . An alternative method utilizing spectral information is the basis decomposition method 5 (the A-space method).
Alvarez 6 showed this method can be used to provide near optimal signal to noise ratio (SNR) 7 with low energy-resolution measurements. Although both methods use spectral information, they are quite different and an interesting question is which one provides a better SNR per dose for detecting an externally adminstered contrast agent in a soft tissue background? This paper examines that question for idealized spectra and detectors. For K-edge subtraction, monoenergetic spectra with energies just below and above the K-edge energy and a quantum noiselimited, negligible pileup photon counting detector are used. For the A-space method, a broad spectrum xray tube source is used with an ideal photon counting detector with pulse height analysis (PHA).
The imaging task is to detect contrast material embedded in soft tissue. The signal to noise ratios of the two methods are compared for equal dose, which is approximated as the absorbed energy. Since, in general, the square of the SNR is proportional to dose, the parameter compared is SN R 2 /Dose. This parameter is computed as a function of soft-tissue object thickness and the x-ray tube voltage for contrast agents containing iodine or gadolinium.
The imaging task does not measure the full capa- Recent examples of work in this area include Roessl and Proksa 11 , who applied the A-space method to image contrast agents as did Zimmerman and Schmidt 12 . Dilmanian et al. 13 used a synchrotron radiation source at a nuclear physics laboratory to image contrast agents with K-edge subtraction. Shikhaliev 14 pre-filtered a broad spectrum source with high atomic number materials to provide a bi-modal spectrum. The filtered transmitted spectrum was measured with a photon counting detector with PHA and the SNR of the contrast material thickness was computed. None of these papers compared the K-edge subtraction method to the A-space method directly.
METHODS
In this section, the imaging task for the signal to noise ratio definition is described. Then expressions for the SNR and absorbed energy with the K-edge subtraction and A-space methods are derived. Finally, the SNR per absorbed energy is computed as a function of the object thickness and the tube voltage for contrast agents containing iodine or gadolinium.
2.A. The imaging task
The imaging task assumes the object shown in Fig. 2.1. The task decides whether a contrast material is present from measurements of the transmitted x-ray Figure 2 .1: The imaging task is to detect the presence of an externally administered contrast agent from measurements of the transmitted energy spectrum, n tran (E), where E is the x-ray energy. The incident spectrum is n inc (E) and the total number of incident photons is N inc =´n inc (E)dE.
The soft tissue material has attenuation coefficient µ s (E) and thickness T s , while the contrast material has attenuation coefficient µ c (E) and thickness T c . For Aspace processing, a basis set consisting of the background and contrast materials' attenuation coefficients is used. With this basis set, the coefficients, the a vectors, for the soft tissue is [0, 1] T and the contrast material [1, 0] T as shown in the figure. Column vectors are used and the symbol T denotes the transpose.
energy spectrum.
Assuming normally distributed noise, the probability of error depends only on the signal to noise ratio 15 , where the signal is the square of the difference in the expected values of the measurements between the soft tissue only and the soft tissue plus contrast materials and the noise is the variance of the measurements. The contrast material thickness will be assumed to be sufficiently small that the variance is essentially the same in the soft tissue-only and the contrast regions. For the ideal K-edge method, we use delta function
2.B. Ideal K-edge subtraction
x-ray spectra with energies just below and just above the K-edge energy, E k− and E k+ , and compute the difference of the logarithm of the number of transmitted photons. Referring to Fig. 2 .1, the expected values of the transmitted photon counts with the two spectra are
In this equation, N 0 is the sum of the incident photons of both spectra, µ s (E) is the soft-tissue attenuation coefficient at x-ray energy E, t s is the soft tissue material thickness, µ c (E) is the contrast material attenuation coefficient, and t c its thickness. The incident photons were divided equally between the two spectra.
The K-edge signal S K is the difference of the logarithms of the photon counts
Using Equations 2.1, this signal is
In the background region, the contrast material thickness is zero, t c = 0, and the background material thickness is t s = T s so the signal is
Since the soft tissue attenuation coefficient function µ s (E) is continuous, the K-edge subtraction background region signal can be made arbitrarily small by using measurement energies sufficiently close to the
In the contrast material region, the background material thickness is T s − T c and the contrast thickness is T c so the K-edge signal from Eq. 2.3 is
For the ideal energies specified in Eq. 2.5, the first term is essentially zero so the signal in the contrast region is
The probability distributions of the photon counts in Equations 2.1 can be modeled as independent Poisson since they are measured with different spectra.
The variance of the logarithm of a Poisson random variable with expected value n is 1 / n 6 . Therefore, the variance of the K-edge signal, which is the difference of their logarithms, Eq. 2.3, is the sum of the variances of the logarithms of the individual counts
The expected values are sufficiently large that we can use the normal approximation to the Poisson 16 .
2.C. A-space processing
The A-space method 5 approximates the attenuation coefficient at points within the object as a linear combination of basis functions of energy multiplied by coefficients that depend on the position r within the object.
To apply this method to the imaging task in Section In general, we need a three function basis set to approximate the attenuation coefficients of biological materials and a high atomic number contrast agent accurately 16 . However, the two function set is sufficient to represent the materials in the object, which is assumed to be composed only of two materials, and it facilitates the comparison with the K-edge method.
The line integral of the attenuation coefficient along a line L from the source to a detector pixel iŝ
where
The A-space method estimates the A-vector 5, 18, 19 from measurements of the transmitted spectra. A photon counting detector with pulse height analysis is used so the counts in each bin are a different spectrum measurement. Neglecting scatter and pulse pileup, the expected value of the count in PHA bin k is
where n inc (E) is the incident spectrum and Π k (E) is the idealized bin response for bin k , equal to 1 inside the bin and 0 elsewhere. The measurements can be summarized as a vector L(A) with components
where Since the measurements are random quantities, the A-vector estimates will also be random. If C A is their covariance, the signal to noise ratio for the imaging task is
where δA is the difference of the A-vectors in the regions with and without contrast material and the superscript −1 denotes the matrix inverse. The optimal SNR is computed using the Cramèr-Rao lower bound (CRLB), C A.CRLB , the minimum covariance for any unbiased estimator 20 . For the number of photons required with material selective imaging, the CRLB is 16 
That is, each element is the effective value of basis function µ j (E) in the normalized spectrumn i (E)
Because we use the attenuation coefficients of the object materials as the basis functions, the A-vector is
where t s and t c are the thicknesses of the soft tissue and contrast materials. In the soft tissue only region,
and in the region with contrast agent
so the difference vector is
Using Eq. 2.12, the optimal SNR with the A-space method is
2.D. Absorbed energy
The spectra for the K-edge subtraction and A-space processing are different so in order to compare the two methods on an equal basis we need a way to normalize their SNR. The method used is to divide the SNR by the x-ray energy absorbed in the object, which is used as a proxy for the x-ray dose. The absorbed energy is computed from the energy absorption coefficient of the soft tissue material, µ abs,s (E), which measures the energy absorbed by the object from the incident x-ray photons 21 . Assuming the contrast material is so thin that it does not absorb significantly, the absorbed energy is
In this equation, the incident energy spectrum is q inc (E) = En inc (E), where n inc (E) is the photon number spectrum incident on the object. The energy spectrum q inc (E)dE gives the sum of energies of the photons from E to E + dE. The normalized energy spectrum isq
where the denominator is the total energy of the incident photons
For the A-space method, the absorbed energy is given by Eq. 2.17 with the incident x-ray tube spectrum n inc (E) calculated with the TASMIP algorithm 22 .
For the idealized K-edge method described in Section 2.B, the two delta function spectra are assumed to be arbitrarily close to the K-edge energy, E K , with a total number of photons for both spectra equal to N 0 .
With these assumptions, the absorbed energy is
2.E. SNR per absorbed energy as a function of object thickness
To compare the methods, the SN R 2 divided by the ab- For the K-edge method, delta function spectra with energies infinitesimally below and above the contrast material's K-edge energy were assumed as described in Section 2.B. The total incident photons were equally distributed between the two spectra.
For the A-space method, a 100 kV x-ray tube spectrum computed with the TASMIP algorithm 22 was used with photon counting detectors with five PHA bins.
The PHA bins were adjusted to give an equal number of photons per bin for the spectrum transmitted through 5 g/cm 2 of soft tissue. An efficient estimator with low bias and with A-vector noise covariance approximately equal to the CRLB was assumed.
2.F. SNR per absorbed energy as a function of tube voltage
The spectrum used with the A-space processing is controlled by the x-ray tube voltage so the SNR per dose was computed as a function of voltages from 40 to 100 kV. The object thickness was 20 g/cm 2 . For comparison, the SNR per dose of the K-edge method with this object thickness was also plotted. ing. The photon counting detector assumed negligible pileup and perfect PHA bins but realistic pileup and overlap between PHA bin responses may not substantially reduce the A-space method performance 23, 24 .
RESULTS

3.A. SNR vs. object thickness
3.B. SNR vs. tube voltage
DISCUSSION
The effect of photon counting detector imperfections on the SNR is a subject of current research.
CONCLUSION
The K-edge subtraction and the A-space method for imaging contrast agents containing iodine or gadolinium in a soft tissue background material are compared for their signal to noise ratio per unit dose. The Aspace method has a better SN R 2 /dose for soft tissue object thicknesses from 10 to 25 g/cm 2 and for tube voltages above 60 kV.
Supplementary material
Matlab language code to reproduce the figures of this paper is available online 1 .
